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I. INTRODUCTION
Nuclear Magnetic Resonance (NMR) experiments are able to detect the distances between pairs of atoms of a protein molecule. Even though molecules can be formed by differ ent kinds of atoms, NMR usually detects distances between hydrogen atoms shorter than 6A. All these distances can be used to fi nd the conformation of the molecule. This problem is known in the literature as the Molecular Distance Geometry Problem (MDGP) [1] , [3] .
In its basic form, the MDGP is a constraint satisfaction problem, because a set of constraints on the distances must be satisfi ed in the possible solutions to the problem. However, the problem is usually faced by global continuous optimization techniques, where a penalty function is defi ned in order to measure how much a given conformation satisfi es the con straints (for a survey on methods for the MDGP, see [6] ).
The global minima of the penalty function correspond to the conformations in which all the constraints (or the majority of the constraints) are satisfi ed. One of the most used penalty function is the Largest Distance Error (LDE):
where m is the total number of available distances, Xi is the generic atom of the conformation, dii is the known distance between Xi and Xi, and IIxi Xi ll. is the computed distance between Xi and Xi.
We recently proposed the Discretizable MDGP (DMDGP) [5] , [7] , [9] , [11] , [12] , which consists in a subclass of instances of the MDGP for which a discrete formulation can be supplied. This subclass contains instances that satisfy two particular assumptions:
for each quadruplet of consecutive atoms, all the relative distances must be known; for each triplet of consecutive atoms Xl, X2 and X3, the distance between Xl and X3 cannot be perfectly equal to sum of the distance between X 1 and X2 and the distance between X2 and X3.
In practice, the second assumption is always satisfied, es pecially when the distances are considered in the floating point arithmetic of a computer machine. The fi rst assumption, instead, is harder to be satisfi ed.
The reformulation of the MDGP as a combinatorial problem allows to reduce the search domain from a continuous to discrete set. However, both the MDGP and the DMDGP are NP -hard problems [5] , [13] . The DMDGP has particular symmetry properties that can be exploited in order to fi nd solutions to the problem in a more efficient way [5] .
The Branch and Prune (BP) algorithm [9] is an exact algorithm for the DMDGP. Our computational experiences showed that it is very effi cient in solving the discrete problem, in both terms of CP U time and quality of the solutions [5] , [7] , [9] . We also implemented a modifi ed version of the algorithm which is able to handle experimental errors [12] . In its basic form, the BP algorithm is able to deal with exact values d ii Fig. 1 . An artificial backbone of hydrogens related to the protein backbones. Note that some of the hydrogens are considered twice and that the considered ordering is specified by the labels associated to the edges.
for the known distances that form an instance of the problem. Moreover, we are also working on a new version of the BP algorithm that can manage intervals [Il.i, Ul.i], where the distances dl.i are contained, instead of exact distances [10] .
We proposed in [8] a special ordering for the hydrogens related to the backbones of protein molecules for which the two assumptions for the DMDGP are satisfi ed. We named this sequence of atoms artificial backbone of hydrogens. Since the two necessary assumptions are satisfi ed, the problem of fi nding the coordinates of all the atoms of this artifi cial backbone is a DMDGP. As a consequence, we can solve this problem by applying the BP algorithm.
In this short paper, we present a method for constructing the real backbone of a protein conformation from the coordinates of its hydrogens. Let us suppose that NMR found the relative distances between the hydrogens related to the backbone of a certain protein. If the hydrogens are sorted by following the ordering defi ned by the artifi cial backbone, the problem of identifying the coordinates of these hydrogens is a DMDGP. Once such coordinates have been obtained by applying the BP algorithm, the remaining backbone atoms, and in particular the sequence of atoms Ne e, can be obtained by solving another MDGP. This MDGP is easier to solve, because assumptions stronger than the ones needed for the DMDGP are satisfi ed. We will show how effi ciently solve this MDGP.
The rest of the paper is organized as follows. In Section II we briefl y introduce the artifi cial backbone of hydrogens proposed in [8] . Then, in Section III, we show a simple method for constructing the real backbone of a protein starting from the coordinates of its hydrogens. Preliminary computational experiments are shown in Section IV and conclusions are given in Section V.
II. AN ARTIFICIAL BACKBONE OF HYDROGENS
The artifi cial backbone presented in [8] considers only the hydrogen atoms related to the real backbone of a protein.
There are 4 hydrogens that are common to all the amino acids. However, during the protein synthesis, consecutive amino acids bind to each other through a peptide bond. During this process, one of the hydrogens bound to the nitrogen N and the group OH bound to C separate from the other atoms and form a water molecule (H20) [14] . Therefore, only two hydrogens per amino acid are contained in the backbone of a protein: a hydrogen H bound to N, and a hydrogen H bound to C . The two hydrogens H and H are used for defi ning the artifi cial backbone. Moreover, another hydrogen per amino acid is borrowed from the amino acid side chain. Each amino acid has a different side chain: 19 of the 20 amino acids involved in the protein synthesis have a carbon atom C in their side chains which is bound to the carbon atom C . At least one hydrogen is bound to the carbon C ,and one of them is considered in the artifi cial backbone. The only exception is given by glycine, whose side chain consists in only one hydrogen atom. In the particular case of glycine, the third considered hydrogen is the only one that forms the side chain of this amino acid. We refer to this hydrogen with the symbol H.
The artifi cial backbone of hydrogens is shown in Figure 1 . The same hydrogen can be considered twice in the sequence in order to reduce the relative distances between pairs of hydrogens. Moreover, note that the fi rst three atoms of the artifi cial backbone are not hydrogen atoms. We added them because they defi ne a common coordinate system for the real backbone of the protein and the artifi cial backbone of hydrogens. The distances related to these three atoms, needed for formulating the problem as a DMDGP, do not need to be detected by NMR, because they are known a priori.
• Fig. 2 . The atoms and the distances used in the three linear systems used to determine the protein backbone.
III. COMPUTING THE PROTEIN BACKBONE FROM THE ARTIFICIAL ONE
Let us suppose that the coordinates of the hydrogens of an artifi cial backbone have been obtained by BP. The problem of fi nding the coordinates of the backbone atoms N, C and C is a MDGP. However, since the coordinates of the hydrogens are already known, and some distances between hydrogens and the other backbone atoms are known a priori, this MDGP satisfi es assumptions that are stronger than the ones of the DMDGP. As a consequence, the MDGP related to the backbone atoms Ne e can be solved in linear time, by following the method presented in [2] , [15] . Let us suppose that we need to find the coordinates of the backbone atom a and that the distances between a and the other four atoms b1 , b2, b3 and b4
(with known coordinates) are known. In this hypothesis, the coordinates of the atom a can be identified if the 4 atoms are non-coplanar.
Let d ill; be the Euclidean distance between the atom a and the atom bi, for all i i1, 2, 3, 4i. In order to fi nd the coordinates of a, the following system needs to be solved
This is a quadratic system of 4 equations m 3 variables.
However, as shown in [2] , [15] , if the system of linear
where (b1 b2) i 
IV. PRELIMINARY COMPUTATIONAL EXPERIENCES
We will show in this section how instances of the DMDGP related to artifi cial backbones can be effi ciently solved by the BP algorithm, and how the solutions found by BP can be exploited for reconstructing the real backbone of a protein conformation. All the codes were written in C programming language and all the experiments were carried out on an Intel Core 2 CP U 6400 @ 2.13 GHz with 4GB RAM, running Linux. The codes have been compiled by the GNU C compiler v.4.1.2 with the -03 flag.
The instances we consider are artifi cially generated. The method we use for generating such instances is very similar to the one proposed in [4] . However, in this case, not only the backbone atoms N, C and C are considered, but also hydrogens H, H and H . The atoms of the real backbone are used only for placing the hydrogen atoms in a way that they simulate protein conformations, and they are discarded when creating the fi nal instance. Some hydrogen atoms are considered twice and they are all sorted in accordance with the special ordering of the artifi cial backbone discussed in Section II. Only distances smaller than 6A are considered. We randomly generated a set of instances having a different number of amino acids. For each amino acid, 3 hydrogen atoms are defi ned, and 5 in total are included in the instance.
When the real backbone is reconstructed, each amino acid is represented by the 3 hydrogens H, H and H ,the carbons C and C, and the nitrogen N.
All the instances we generated belong to the class of instances of the DMDGP. We applied the BP algorithm for solving such instances, and the computational experiments are shown in Ta ble I. In the table, n is the number of atoms included in the instance. It is always a number which is For each found solution, we applied the method discussed in Section III and we recontructed the real backbones corre sponding to the artifi cial ones. The software procedure we used just solves a sequence of linear systems. These experiments show that all the atoms of the protein backbones can be computed starting from the information obtained from NMR experiments, that mainly regard hydrogen atoms.
V. CONCLUSIONS
Data from NMR experiments can be used for finding the conformations of molecules and, in particular, of proteins. Such data mostly regard the hydrogens contained in the molecule, and therefore the fi rst problem that one can solve is related to the subset of hydrogens of the molecule. We showed in previous works that this can be effi ciently done by organizing the hydrogens on an artifi cial backbone and by reformulating the problem as combinatorial. Moreover, we showed in this work that the other atoms bound to the hydrogens can be successively identifi ed by solving a sequence of linear systems.
In this short paper, our focus was on the protein backbones. This idea can also be extended to entire protein conformations. To this aim, the artifi cial backbone of hydrogens needs to be extended in order to consider all the hydrogens in the protein, and the method presented in this paper needs to be extended for considering the side chains of the amino acids. We are also working on a formal defi nition of the artifi cial backbone and on proofs showing that it belongs to the DMDGP subclass. We plan to present these results in future publications.
